In this paper, we initiate the study of complete colourings of oriented graphs and the new associated notion of the oriented achromatic number of oriented and undirected graphs. In particular, we prove that for every integers a and b with 2 ≤ a ≤ b, there exists an oriented graph − → G a,b with oriented chromatic number a and oriented achromatic number b. We also prove that adding a vertex, deleting a vertex or deleting an arc in an oriented graph may increase its oriented achromatic number by an arbitrarily large value, while adding an arc may increase its oriented achromatic number by at most 2.
Introduction
All the graphs we consider in this paper are finite and simple. We denote by V (G) the set of vertices of an undirected graph G and by E(G) its set of edges.
A complete colouring of an undirected graph G is a proper vertex colouring of G such that for every pair of colours there is at least one edge in G whose endpoints are coloured with this pair of colours. The achromatic number of G, denoted ψ(G), is then defined as the greatest number of colours in a complete colouring of G.
The achromatic number of a graph can be equivalently defined in terms of complete homomorphisms. A homomorphism of a graph G to a graph H is a mapping h from V (G) to V (H) such that h (u) 
h(v) is an edge in H whenever uv is an edge in G. The homomorphic image of G under h, denoted h(G), is the subgraph of H given by V (h(G)) = h(V (G)) and xy ∈ E(h(G)) if and only if there exists an edge uv ∈ E(G) such that h(u) = x and h(v) = y. A homomorphism h of G to H is complete if and only if h(G) = H.
A proper vertex k-colouring of G can thus be viewed as a homomorphism of G to K k , the complete graph of order k, and a complete k-colouring of G as a complete homomorphism of G to K k . Moreover, the ordinary chromatic number χ(G) of G corresponds to the smallest k for which there exists a complete homomorphism of G to K k , while the achromatic number ψ(G) of G corresponds to the greatest such k.
The achromatic number was introduced by Harary, Hedetniemi and Prins [16] in 1967 and has attracted a lot of attention since then. The interested reader may consult the two surveys by Edwards [9] and by Hughes and MacGillivray [18] , or Chapter 12 in the recent book Chromatic Graph Theory by Chartrand and Zhang [7] (whose reading clearly inspired our work), as well as the detailed online bibliography proposed by Edwards [10] which contains about 200 references on harmonious and complete colourings.
In this paper, we introduce the notions of complete colourings, complete homomorphisms and achromatic numbers of oriented graphs, that is antisymmetric digraphs. The notion of (oriented) colouring of oriented graphs was introduced by Courcelle [8] in 1994 and then studied by several authors (see [24] for a survey on oriented colourings). By taking an appropriate notion of an "oriented clique", namely an oriented graph of order n for which every oriented colouring must use n colours, we get a natural extension to oriented graphs of complete colourings, complete homomorphisms, and the achromatic number.
Very recently, Edwards considered complete colourings of directed graphs [11] , but our definition, based on oriented colourings, is quite different and exactly corresponds to complete homomorphisms of oriented graphs (roughly speaking, in [11] , two arcs − → uv and − → wx may be coloured by a colouring function γ in such a way that γ(u) = γ(x) and γ(v) = γ(w), while such a situation is forbidden in oriented colourings). In particular, every oriented graph admits a complete colouring in our sense, which is not the case for the directed version of Edwards (it is even NP-complete to decide whether an oriented graph admits a (directed) complete colouring or not).
Our paper is organised as follows. In Section 2 we recall the definitions of oriented colourings, homomorphisms of oriented graphs and oriented cliques and we introduce in Section 3 the new notions of complete oriented colourings and oriented achromatic numbers, together with some basic results. Our main results concerning the oriented achromatic number of graphs are then given in Section 4. Finally, we investigate in Section 5 the properties of elementary homomorphisms with respect to the oriented chromatic number and the oriented achromatic number of oriented graphs.
Oriented colourings, homomorphisms and oriented cliques
We will also denote by d
We will simply use
Such a path is said to be directed from u 0 to u k . Let u and v be any two vertices in 
and
sets, such that all arcs linking any two of these sets have the same direction [23] . Such an oriented colouring is thus a mapping γ : 
If G is an undirected graph, the oriented chromatic number χ o (G) of G is defined as the largest oriented chromatic number of its orientations:
An oriented clique, or simply an o-clique, is an oriented graph
Hence, an oriented graph is an o-clique if and only if every two of its vertices are linked by a directed path of length 1 or 2 [19] , that is, its weak directed diameter is at most 2. Recall that the ordinary chromatic number of an undirected graph G may be defined as the smallest k such that G admits a homomorphism to the complete graph K k . Similarly, the oriented chromatic number of an oriented graph − → G corresponds to the smallest k for which there exists an oriented o-clique
denote the minimum number of arcs in an o-clique of order k. The asymptotic behaviour of the function f has been independently studied in [13] and [20] , where it was proved that lim f (k)/(k log k) = 1 for k → ∞. 
In the following, we will say that an o-clique of order k is optimal whenever it has exactly f (k) arcs. Note that all the o-cliques depicted in Figure 1 are optimal. 
Let
− → G and − → H be oriented graphs. A homomorphism h :
In other words, the homomorphism h is complete whenever h(
The following theorem shows that every complete oriented colouring can be equivalently viewed as a complete homomorphism to some oriented o-clique.
Theorem 2 An oriented graph − → G admits a complete oriented k-colouring if and only if there exists an o-clique
Proof. Let γ be a complete oriented k-colouring of − → G , and − → H be the oriented graph defined by V ( − → H ) = {1, . . . , k} and for every i, j, Conversely, let 
The oriented achromatic number of an oriented graph
We will say that a complete oriented colouring of − → G is optimal whenever it uses ψ o ( − → G ) colours. Since the composition of two (complete) homomorphisms is clearly a (complete) homomorphism, we have:
If G is an undirected graph, we define the oriented achromatic number ψ o (G) of G as the largest oriented achromatic number of its orientations:
Consider the undirected path P 4 of order 5; up to symmetries, this path admits seven distinct orientations. The corresponding oriented paths, together with an optimal complete oriented colouring, are depicted in Figure 2 . We thus get that ψ o (P 4 ) = 4 (recall that the smallest o-clique of order 5 has five arcs).
It is not difficult to observe that if G is an undirected complete bipartite graph then ψ(G) = 2. Our next theorem shows that the oriented achromatic number of the family of undirected complete bipartite graphs is not bounded. We first need the following easy result:
On the other hand, every oriented coloring γ of − → G − u can be extended to an oriented coloring
and the result follows.
Theorem 5 For every two integers m and n with
Proof. Let (X, Y ) denote the bipartition of V (K m,n ) with X = {x 1 , . . . , x m } and Y = {y 1 , . . . , y n }, and let ν be any bijection from the set {1, . . . , 2 m } to the set of subsets of {1, . . . , m} such that ν(1) = ∅ and ν(i) = {i − 1} for every i, 2 ≤ i ≤ m + 1.
Suppose first that n ≤ 2 m and let In particular, the oriented achromatic number of every star K 1,n , n ≥ 2, equals 3 (every such star admits an orientation containing a directed 2-path).
If G is an undirected bipartite graph, then it admits K 2 as a homomorphic image. If G contains a 2-path, then χ o (G) ≥ 3. Therefore, since χ o (K 2 ) = 2, the first inequality of Proposition 3 does not hold for undirected graphs with respect to the oriented chromatic number.
On the other hand, every orientation of a homomorphic image H of an undirected graph G is a homomorphic image of some orientation of G so that every complete oriented colouring of any orientation of H can be extended to a complete oriented colouring of some orientation of G using the same number of colours. Hence, the second inequality of Proposition 3 still holds for undirected graphs with respect to the oriented achromatic number:
Proposition 6 For every undirected graph G, if H is a homomorphic image of G, then ψ o (G) ≥ ψ o (H).
Let G be an undirected graph and γ be a complete (ordinary) k-colouring of G.
if and only if uv ∈ E(G) and γ(u) < γ(v)
. It is not difficult to check that γ is indeed a complete oriented colouring of − → G , corresponding to a complete homomorphism of − → G to the transitive tournament of order k. Hence we have:
Proposition 7 For every undirected graph G, ψ o (G) ≥ ψ(G).
Since every complete oriented colouring is an oriented colouring, we get
On the other hand, we clearly have ψ o (G) ≤ n for every undirected graph G of order n. Therefore:
Proposition 8 For every undirected graph
If G is the underlying graph of an o-clique of order n, we clearly have χ o (G) = ψ o (G) = n. A graph G may satisfy the equality χ o (G) = ψ o (G) without being the underlying graph of an o-clique. Consider for instance the path P 3 on four vertices. Since the minimum number of edges of an o-clique of order 4 is four, P 3 is not the underlying graph of an o-clique and ψ o (P 3 ) < 4. Now, considering the directed path
On the other hand, considering the definitions of o-cliques and complete oriented colourings, we easily get that being the underlying graph of an o-clique is a necessary and sufficient condition for a graph G of order n to satisfy the equality ψ o (G) = n:
Hence, an undirected graph G of order n has oriented achromatic number n if and only if it admits an orientation with weak directed diameter at most 2 (in particular, ψ o (K n ) = n for every complete graph K n ). Chvàtal and Thomassen proved in [6] that the problem of determining whether an undirected graph admits an orientation with directed diameter 2 is N P-complete. Recently, Bensmail, Duvignau and Kirgizov proved that the problem of determining whether an undirected graph admits an orientation with weak diameter k is N P-complete for every k ≥ 2 [1] . Hence we have:
Theorem 10 The problem of determining whether ψ o (G) = n for an undirected graph G of order n is N P-complete.
Note that this is in contrast to the undirected case, since an undirected graph or order n has achromatic number n if and only if it is a complete graph.
General results
In case of undirected graphs, Bhave proved in [2] that for every two integers a and b, with 2 ≤ a ≤ b, there exists a graph G a,b with χ(G a,b ) = a and ψ(G a,b ) = b. The same result holds for oriented chromatic and achromatic numbers of oriented graphs.
We first need two easy lemmas. For every oriented graph − → G , we denote by (1) . Observe that in every oriented colouring of − → G (1) , complete or not complete, the new universal source vertex x must be assigned a colour distinct from the colours of the other vertices.
Therefore we get:
Lemma 11 For every oriented graph − → G and every integer
Since no directed path can have a source or a sink vertex as an internal vertex, we also have:
an o-clique of order k and u is a source or a sink vertex of
We can now prove the following:
Theorem 13 For every two integers a and b, with 2 ≤ a ≤ b, there exists an oriented graph
Proof. We first consider the case when a = 2. For b = 2 we let − → G 2,2 = − → P 1 and, for 
(disjoint union of outgoing stars). Since Clearly, h is a complete homomorphism of A natural question is to ask how the (oriented) achromatic number of a graph can be affected by the removal of a single vertex or a single edge. In [14] , Geller and Kronk proved that if G is a nontrivial undirected graph then, for every vertex
The situation is rather different in the oriented case, since deleting a vertex in an oriented graph may increase or decrease its oriented achromatic number by an arbitrarily large value. In particular, this proves that, unlike the undirected case, having oriented achromatic number at most k is not a hereditary property with respect to induced subgraphs. More precisely, we have:
Note that such an o-clique exists thanks to Theorem 1 (since the number of arcs in an optimal o-clique of order ℓ tends to ℓ log ℓ when ℓ tends to infinity, by taking a large enough ℓ and an optimal o-clique Geller and Kronk also proved that if G is a nontrivial undirected graph then, for every [14] . Using a proof similar to the proof of Theorem 14(1) and taking
Theorem 15 For every k ≥ 1, there exists an oriented graph
On the other hand, deleting an arc in an oriented graph can decrease its oriented achromatic number by at most 2:
Theorem 16 For every non-empty oriented graph − → G and every arc
Proof. Let γ be any optimal complete colouring of − → G using ψ o ( − → G ) colours and let γ(u) = a and γ(v) = b. If γ is not a complete colouring of − → G − − → uv then this is necessary due to the colours a and b, since the arc − → uv is not involved in the constraints between colours other than a and b. We may then recolour vertices with colour a or b (with colours used on V (
Corollary 17 For every non-empty undirected graph G and every edge uv
and, without loss of generality,
Note that the results given by Theorems 14(2) and 16 are similar to the results on the oriented chromatic number of Borodin et al. [3] who proved that deleting a vertex in an oriented graph may decrease its oriented chromatic number by an unbounded value, while deleting an arc may decrease its oriented chromatic number by at most 2.
However, it is not difficult to check that the relation In [7, Chapter 12] , it was proved that for every undirected graph G of order n, the achromatic number of G cannot be closer to n than to its chromatic number. More precisely, the inequality 
≥ 2k + 7 (for ϵ k being the elementary homomorphism used in the proof of Theorem 20) . Hence, for k > 3,
The relation χ(ϵ(G)) ≤ χ(G) + 1 was used by Harary, Hedetniemi and Prins [16] to prove the "Interpolation Homomorphism Theorem" in the undirected case, which states that for every undirected graph G and every integer ℓ with χ(G) ≤ ℓ ≤ ψ(G), there is a homomorphic image H of G with χ(H) = ℓ (and thus a complete ℓ-colouring of G). We do not have such an interpolation theorem in the oriented case, as shown by the following result: Proof. Consider the directed cycle − → C 9 of order 9. As shown by the oriented 3-colouring γ and the complete oriented 5-colouring γ * depicted in Figure 5 
